DETERMINANTS OF ADJACENCY MATRICES OF GRAPHS 



ALIREZA ABDOLLAHI 

Abstract. We study the set of all determinants of adjacency matrices of 
graphs with a given number of vertices. 



1. Introduction 

Let G be a simple graph with finite number of vertices. We denote by det(G) 
the determinant of an adjacency matrix of G. This number det(G) is an integer 
and is an invariant of G so that its value is independent of the choice of vertices in 
an adjacency matrix. In this paper, we study the distributions of det(G) whenever 
G runs over graphs with finite n vertices for a given integer n > 1. We denote by 
G n the set of all non-isomorphic graphs with n vertices and 

?>Gn = { det(G) | G G G n }, a n = max2X?„ and (3 n = min2X/„. 

In [2], Fallat and van den Driessche studied, among others things, the maxi- 
mum W(n, k) and minimum w(n, k) of non-zero absolute values of determinants 
of fc-regular graphs with n vertices and they determined W(n, 2), W(n, n — 3) and 
w(n, 2), w(n, n — 3). 

It is a famous result due to Hadamard [4] that if A = [ay] is an n x n complex ma- 
trix such that \\cLij\ \ < (i for all i, j then || det(A) 1 1 < (i n n% . In [5], Ryser found an 
upper bound for the absolute value of a (0, 1) square matrix of size n with t non-zero 
entries. One may use Ryser's result to give an upper bound for the absolute values 
of the determinants of graphs with n vertices and m edges (see Theorem l2.5[ below) . 

Using Brendan McKay's nauty, we have computed T>G n for all n < 9 (see Propo- 
sition [2T2l below). 

Newman [?J Theorem 2.2] proved that k ■ gcd(fc, n) divides the determinants of 
n x ri (0, 1) matrices whose all row and column sums equal to k. A similar result 
for the determinants of graphs is proved in Theorem 12.61 

Hu [5] has determined the determinant of graphs with exactly one cycle. Here we 
obtain the possible determinants of graphs with exactly two cycles (see Proposition 
[2~TT| below). 

2. Preliminaries 

Proposition 2.1. Let K n and P n be the complete graph and the path with n ver- 
tices, respectively, and C m be the cycle with m > 3 vertices. 
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(1) det{K n ) = (-i)«-i( n - 1). 
if n is odd 

(2) det(P„) = { 1 if n = 2fc, k is even . 
if n — 2k, k is odd 
if to is odd 

(3) det(C m ) — {0 if to = 2/c, /c is even . 
if to = 2fe, fc is odd 

Proof. (1) It is well-known. 

(2) It follows from the fact that det(P„) = — det(P„_2). 

(3) It follows from [1, Theorem 1.3, p. 32]. □ 

Proposition 2.2. The following table gives the set of all determinants of graphs 
with at most 9 vertices. By i° in the n-th row of the table, we mean that there are 
exactly j non- isomorphic graphs with n vertices whose determinants are all equal 
to i, and a single number i (with no exponent) shows that there is a unique graph 
with n vertices whose determinant is equal to i. 



Number of Vertices 


Determinants of graphs with multiplicities 


1 





2 


0,-1 


3 


3 ,2 


4 


-3,0'A 3 


5 


—4 25 2 e 4 


6 


-5 3 -4 5 -l 32 O 99 3 lu 4 2 7 2 


7 


-12^,-10^-6 13 ,-4^,-2 2O ,0 eyu ,2 2,j4 ,4 4u ,6 17 ,8^,10 5 ,12 5 


8 


-28 2 ,-27 2 ,-24 b ,-23 b ,-20 Y ,-19 21 ,-16 bi ,-15 43 ,-12 yu ,-ll yy ,-8 i2S , 
-7 251 , -4 581 ,-3 813 ,0 6551 ,l 2416 ,4 758 ,5 240 ,8 73 ,9 13y ,12 24 ,13 23 ,16 32 ,17 8 ,20 1 ,21 3 


9 


-128 2 , -96 3 ,-72 12 ,-64 7 ,-60 5 ,-56 17 ,-54 12 ,-50 27 ,-48 13 , -46 2,, ,-44 3y ,-42 47 , 
-40 103 ,-38 52 - 36 110 ,-34 128 ,-32 593 ,-30 199 - 28 295 ,-26 392 ,-24 765 ,-22 579 , 

_2Q869 _;[g2747 _^g2247 _i2 3062 _10 4290 _gl7582 _g8531 _4l4901 
_257065 Q133174 26767 ^6950 g4669 gl566 1Q1349 ^2 1156 14 695 16 606 

18 106 ,20 297 , 22 173 ',24 240 ,26 95 ,28 91 ,30 61 ,32 46 ,34 5 ^36 32 ,38 28 ,40 3 , 42 17 ,44 16 ,54 3 ,60 3 ,64 



Proof. Using nauty of Brendan McKay, one can generate all graphs with at most 9 
vertices and then by GAP for example, it is easy to find the determinants. □ 



Here are some questions which are motivated by the data given in Proposition 
I2~2l 

Proposition 2.3. (1) f3 n if and only if [3 n < if and only if n $ {1,3}. 

(2) a n if and only if a n > if and only if n $ {1, 2}. 

(3) If G is a graph with odd number of vertices, then det(G) is even. 

(4) The determinant of every bipartite graph with odd vertices is zero. 

Proof. (1) It is clear that if n = 1 or 3, then (3 n = and if n — 2, then (3 n = — 1. 
Thus assume that n > 4. It is enough to show that f3 n < 0. If n is odd, we have 
(3 n < det(C„_2 + Pa) = —2, by Lemma |2~T1 If n is even, we have f3 n < det(if„) = 
— (n — 1), by Lemma I2TT1 This proves (2). 

(2) If n = 1 or 2, then clearly a n — 0. Thus it is enough to prove that a n > 
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whenever n > 3. If n is odd, then a n > det(K n ) — n — 1, by Lemma 12.11 If n is 
even, then a n > det(-RT„_2 + ft) = n — 3. This completes the proof of (3). 

(3) Let n — \V(G)\ be odd and let T be an elementary figure (if exists) of G with 
n vertices. Then, by definition, J 7 is a disjoint union of s number of edges and t 
number of cycles. If t = 0, then n = 2s which is not possible. It follows that any 
elementary figure of G with n vertices have at least one cycle. Now it follows from 

1, Theorem 1.3, p. 32] that det(G) is an even number. 

(4) Let G be a bipartite graph with odd n vertices. Since every bipartite graph 
has no odd cycles, it follows that G has no elementary figure with n vertices. Again 
[2 Theorem 1.3, p. 32] implies that det(G) = 0. □ 

Question 2.4. For a given positive integer n, find integers m such that det(G) =/= m 
for all graphs G with n vertices. 

Theorem 2.5. Let G be a graph with n > 2 vertices and m edges. Then | det(G)| < 

(2m\ n (-\ _ 2m-n 
\ n I V 1 n(n-l)/ 

Proof. Note that the number of l's in any adjacency matrix of G is equal to 2m. 
Now the proof follows from Theorem 3 of [8] . □ 

Proposition 2.6. Let G be a graph with n vertices and let {d\, . . . ,d n } be the set 
of vertex degrees of G. If d = gcd(c?i, . . . , d n ), then d ■ gcd(2^i, d) divides det(G). 

Proof. Let A = \A\ ■ ■ ■ A n ~\ be an adjacency matrix of G, where A\, . . . , A n are 
its columns. Then 

det(G) = \Ai + --- + A n A 2 ••• A n \ = |d A 2 ••• A n \, 

where d = \d\ ■ ■ ■ d„] T . Now sum up all the rows with the nth one. Then 
det(G) is equal to the determinant of a matrix whose first column is 

[di ■■■ dn-i J2i=idi] T 

and its nth row is 

E"=i d i d 2 • • • d n ] . 
Since X)™=i = 2m, by factoring d from the first column and gcd(^p, d 2 , ■ ■ ■ , d n ) 
from the last column, we have that det(G) = d ■ gcd(=^p, d 2 , . . . , d n ). Since d± = 
2m — Y^i=% we have gcd(22i, d 2l . . . , d n ) = gcd(2^i, d). This completes the proof. 

□ 

Theorem 2.7. (Hu [5]) Let G be a connected graph with n vertices having a unique 
cycle C with k < n vertices. Then 



det(G) = 



'l 


G has a perfect matchig, 


k = 1 mod 2, n = mod 4 


-1 


G has a perfect matchig, 


k = 1 mod 2, n = 2 mod 4 


4 


G has a perfect matchig, 


k = 2 mod 4, n = mod 4 


-4 


G has a perfect matchig, 


k = 2 mod 4, n = 2 mod 4 





G has a perfect matchig, 


k = mod 4 


2 


G has no perfect matchig 


G\C has a perfect matching, n — k = mod 4 


-2 


G has no perfect matchig 


G\C has a perfect matching, n — k = 2 mod 4 




V 


both G and G\C have no perfect matching 
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Corollary 2.8. If a n = det(G) or (3 n = det(H) for some graphs G and H, then 
neither G nor H have a unique cycle for all n > 5. 

Proof. It is not hard to see that for n > 5, a n > 4 and (3 n < —4. Since a graph 
with a unique cycle has exactly one connected component with a unique cycle and 
the other components (if exist) are tree (whose determinants belong to {0, 1, —1}), 
Theorem 12 . 71 completes the proof. □ 

Lemma 2.9. Let G be a graph containing exactly two cycles C\ and C 2 of orders 
k and i, respectively such that \V(Ci) n F(C 2 )| = 1. If \V(G)\ = k+£-l, then 



det(G) 



if both/c, £ are even 

2 • (-l)^- 1 ■ ((-1)^+1 + if both k, I are odd 

2 . (_i)t+k-i . ((_i)4+*^ + (_l) V+i) if k is odd, £ is even 
_ 2 . • ((-1)1+^ if £ is odd, k is even 



Proof. Let Ci := xi ■ ■ ■ x k xi and C 2 := yi ■ ■ ■ ytV\- Suppose C\ nC 2 = {x k } = {ye}- 
We want to apply [U Theorem 1.3, p. 32] and so we need to find all elementary 
figures of G, that are all spaning subgraphs of G with exactly k + £ — 1 vertices 
whose connected components are either an edge or a cycle of G. If k and £ are both 
even, then G has no elementary figure. If k and I are both odd, then we have only 
two elementary figures 

Fx = {Gi,yiy 2 , ■■■,yi-iVt) and F 2 = {C 2 , xix 2 , . . . , x k - 2 Xk-i}- 
If k is odd and ^ is even, we have exactly 3 elementary figures as follows: 

{yiy-2, ■ ■ ■ , yi-iye, xi% 2 , x k ~ix k - 2 }, {yiyt, y 2 y?,, yt-%yt-\,Xk-\x k - 2 , . . . , x 2 x x 

{C 2 ,xix 2 , . . . ,x k - 2 x k -i 

Similarly, for the case k even and £ odd, we have exactly 3 elementary figures (in- 
terchange k and £ in the latter elementary figures) . Now we can apply [TJ Theorem 
1.3, p. 32] and this completes the proof. □ 

Lemma 2.10. Let G be a connected graph containing exactly two cycles C\ and 
C 2 of orders k and £, respectively such that V{C\) n V(C 2 ) — 0. If V(G) = 
V(Ci) UV{C 2 ), then det(G) 6 {-8,0,3,5,16}. If d and G 2 are connected by a 
path P of length at least 2 and V(G) = V{C X ) U V(C 2 ) U V{P), then 

f{0,±4} z/< = 3 

det(G) e < {-16,-8,-5,-3,0} if t = 4 . 

[{0, ±3, ±4, ±5, ±8, ±16} if f > 4 

Proof. Let C± — x\---x k x\, G 2 = y\---yiy\. By hypothesis, in any case, we 
have that there exists a path P — x k = z\z 2 ■ ■ ■ z t — yi connecting C\ and G 2 
such that V{G) = V(d) U V(C 2 ) U V(P). It is clear that t = 2 if and only 
if V(G) = V(d) U V{C 2 ). In this case, by [TJ Theorem 2.12, p. 59], we have 
det(G) = det(Gi)det(G 2 ) - det(P fe -i) det(P < _i). Now it follows from LemmaO 
det(G) S {-8,0,3,5,16}. 

Now assume that t > 3, that is the length of P is at least 3, and let H be the 
induced subgraph of G on the vertices V = V(d) U (V(P)\{z t }). Note that, by 



DETERMINANTS OF ADJACENCY MATRICES OF GRAPHS 



5 



[U Theorem 2.11, p. 59], we have 

f-detCJV-x) if* = 3 

\dct(G fc )det(P_ 2 )-det(P fc _i)det(P t _ 3 ) if t > 4 

Thus it follows from [H Theorem 2.12, p. 59] that 

det(G) = det(if) det(Q?) - det(H\{z t -i}) det(P^_i). 

Note that det(H\{z t -i}) can be similarly compute by a formulae as given for 
det(iJ). Now it is easy to complete the proof. □ 

Proposition 2.11. Let G be a graph with exactly two cycles. Then det(G) € 
{0, ±1, ±2, ±3, ±4, ±5, ±8, ±16}. 

Proof. By using pQ Theorem 2.11, p. 59] on the (possible) vertices of G with degree 
1, we find that there exist a (possibly empty) forest F and either a connected 
graph H as of the form in Lemmas 12 .91 or [2~TU1 or two connected graphs Hi and FL-i 
each of which contains exactly one cycles such that det(G) = ± det(P) ■ det(H) or 
det(G) = ± det(P) ■ det(Pi) • det(P2), respectively, where det(P) = 1 if F is empty. 
Now Lemmas 12.91 and 12.101 and Theorem 12.71 complete the proof. □ 

Let us end the paper by the following problems and questions mainly arising 
from the data table given in Proposition 12.21 and some other investigations. 



Problems. 

1) Describe VQ n = { det(G) | G S £„}. 

2) What are the maximum a n and minimum f3 n ? 

3) For a given n, what integers can never belong to T> n l 

4) Is it possible to determine graphs G,H £ Q n such that det(G) = a n and 
dct(H) = f3 n ? Do they have some distinguished properties from other graphs with 
n vertices? For example, must they always be connected? 

5) Find relations between VQ n and T>Q n+ \. 

6) Is it true that a n < a„+i for all n > 3? 

7) Is it true that (3 n +i < /3 n ? 

8) Is it true that |/3„| > a n for all n > 7? 

9) Does 5 a := lim l{G£g ' 1 I dct ( G )=°} exist ? Tf SOj is it true that S = ±? 



References 

[1] D. M. Cvetkovic, M. Doob, H. Sachs, Spectra of graphs. Theory and application. Pure and 
Applied Mathematics, 87. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New 
York-London, 1980. 

[2] S. Fallat and P. van den Driessche, Maximum determinant of (0, 1) matrices with certain 

constant row and column sums. Linear and Multilinear Algebra 42 (1997), no. 4, 303—318. 
[3] F. C. Lin, Singularity of the adjacency matrix of graphs with non-interactive bicycle. J. Math. 

Study 37 (2004), no. 3, 321-324. 
[4] J. Hadamard, Resolution d'une question relative aux determinants, Selecta, pp. 136-142, 

Gauthier-Villars, Paris, 1935 and Oeuvres, Tome I, pp. 239-245, CNRS, Paris, 1968. 
[5] S. Hu, The Classification and maximum determinants of the adjacency matrices of graphs 

with one cycle. J. Math. Study 36 (2003), no. 1, 102-104. 
[6] S. Hu, H. F. Yan, The maximum determinants of the adjacency matrix of graphs with k 

cycles. Math. Appl. (Wuhan) 16 (2003), suppl., 125-128. 



6 



ALIREZA ABDOLLAHI 



[7] M. Newman, Combinatorial matrices with small determinants, Canad. J. Math. 30 (1978), 
756-762. 

[8] H.J. Ryser, Maximal determinants in combinatorial investigations, Canad. J. Math. 8 (1956), 
245-249. 

Department of Mathematics, University of Isfahan, Isfahan 81746-73441, Iran 
E-mail address: a. abdollahiamath.ui . ac . ir 



